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We calculate the Josephson critical current Ic across in-plane (001) tilt grain boundary junctions of
high temperature superconductors. We solve for the electronic states corresponding to the electron-
doped cuprates, two slightly different hole-doped cuprates, and an extremely underdoped hole-
doped cuprate in each half-space, and weakly connect the two half-spaces by either specular or
random Josephson tunneling. We treat symmetric, straight, and fully asymmetric junctions with s-,
extended-s, or dx2−y2 -wave order parameters. For symmetric junctions with random grain boundary
tunneling, our results are generally in agreement with the Sigrist-Rice form for ideal junctions that
has been used to interpret “phase-sensitive” experiments consisting of such in-plane grain boundary
junctions. For specular grain boundary tunneling across symmetric junctions, our results depend
upon the Fermi surface topology, but are usually rather consistent with the random facet model of
Tsuei et al. [Phys. Rev. Lett. 73, 593 (1994)]. Our results for asymmetric junctions of electron-
doped cuprates are in agreement with the Sigrist-Rice form. However, our results for asymmetric
junctions of hole-doped cuprates show that the details of the Fermi surface topology and of the
tunneling processes are both very important, so that the “phase-sensitive” experiments based upon
in-plane Josephson junctions are less definitive than has generally been thought.
PACS numbers: 74.20.Rp, 74.50.+r, 74.78.Bz
I. INTRODUCTION
Because of its relation to the mechanism for super-
conductivity in the high temperature superconducting
compounds (HTSC), there has long been a raging de-
bate regarding their orbital symmetry of the super-
conducting order parameter (OP).1,2,3,4 Only “phase-
sensitive” experiments involving Josephson tunneling
can distinguish the OP from the non-superconducting
pseudogap.1,4,5 Although the first in-plane phase-
sensitive experiment on YBa2Cu3O7−δ (YBCO) sug-
gested a dominant s-wave OP,6 experiments using
tricrystal films of YBCO, Bi2Sr2CaCu2O8+δ (Bi2212),
and Nd1.85Ce0.15CuO4+δ (NCCO), and tetracrystal films
of YBCO and La2−xCexCuO4−y (LCCO) suggested
that these materials had a dominant dx2−y2-wave
OP.1,7,8,9,10,11,12
Very different results were obtained for c-axis junc-
tions. Low temperature T c-axis Josephson junctions
between Pb and YBCO, Bi2212, and NCCO suggested
varying amounts of an s-wave OP component.13,14,15,16,17
More recently, three Bi2212 c-axis twist Josephson junc-
tion experiments showed that the OP has at least a sub-
stantial, and possibly a dominant s-wave component for
T up to the transition temperature Tc.
4,18,19,20,21 Here
we search for a reason for these qualitative differences.4
To date, most theoretical treatments of in-plane (001)
tilt grain boundary (GB) junctions either used the
Ginzburg-Landau (GL) approach,22 or assumed a circu-
lar in-plane Fermi surface (FS) cross-section, and that the
FS-restricted dx2−y2-wave OP ∝ cos(2φk).23,24,25,26,27
Most of those treatments focussed upon the single quasi-
particle density of states on the surface, rather than the
critical current across the misalignment grain boundary
junctions. The only previous treatment that included
a tight-binding FS was that of Shirai et al., for which
the FS consisted of very small pockets centered at the
corners of the first Brillouin zone (BZ).28 Their chosen
FS was extremely different from any that have been ex-
tracted from angle-resolved photoemission spectroscopy
(ARPES) experiments.29 Shirai et al. studied both the
single quasiparticle and supercurrent properties of GB
junctions constructed from four specific surfaces.28 Here
we explicitly take account of the tight-binding hole and
electron-doped FS’s observed using ARPES and of the
surface boundary conditions (BC’s) at the interfaces.
We find that a dx2−y2-wave OP can be consistent with
the tricrystal experiments for electron-doped cuprates,
for which the two-dimensional (2D) FS cross-section is
nearly isotropic. For hole-doped cuprates, the situation
is found to be inconclusive, as one FS cross-section is
consistent with the tricrystal experiments for random
GB tunneling, but not for specular GB tunneling. An-
other, slightly different hole-doped FS, on the other hand,
is consistent with the tricrystal experiments for specu-
lar tunneling, but not for random tunneling. The FS
of Shirai et al. is inconsistent with most experiments
on the hole-doped cuprates, including the tricrystal ex-
periments, for both specular and random GB tunneling.
These combined results suggest that defects and small
changes in the FS topology play essential roles in inter-
preting the in-plane GB junction experimental results.1
An important modification to the tetracrystal experi-
ment is also warranted.2
We let θi for i = L,R be the angles the xi axes on
the left (L) and right (R) sides make with the normal to
a straight GB interface, Fig. 1. GL treatments of the
Josephson current I for a dx2−y2-wave OP yielded for
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FIG. 1: (Color online) Plots of Ic0(θ)/Ic0(0) for a dx2−y2 -wave
OP with straight (dotted green), symmetric (dotted green)
and asymmetric (solid blue) GB junctions in the ideal GL
model, and straight (dot-dashed black), symmetric (dashed
red) and asymmetric (solid blue) GB junctions in the faceted
GL model. Inset: Sketch of a (001) tilt GB junction.
ideal (non-reconstructed) and faceted GB’s,7,22
Iid = I
i
cd cos(2θL) cos(2θR) sin(δφ), (1)
Ifd = I
i
cd cos[2(θL + θR)] sin(δφ)/2, (2)
where δφ = φL−φR is the OP phase difference across the
GB. These have the form I = Ic0 sin(δφ), where Ic = |Ic0|
is the critical current. Ic0 > 0 and Ic0 < 0 are the “0-
junction” and “π-junction” cases, as I = Ic sin(δφ + π)
in the latter. There are three types of junctions we shall
consider. These are asymmetric, symmetric, and straight
junctions. We note that other workers have used the
terminology “mirror” and “parallel” for symmetric and
straight junctions, respectively.28 For asymmetric junc-
tions, θL = θ, θR = 0, I
i,f
d (θ)/I
i,f
d (0) = cos(2θ). For
symmetric junctions with θL = θR = θ and straight junc-
tions with θR = −θL = θ, Iid(θ)/Iid(0) = cos2(2θ). For
faceted symmetric and straight junctions, Ifd (θ)/I
f
d (0) =
cos(4θ), 1, respectively. These ideal and faceted GL re-
sults shown in Fig. 1 are in qualitative agreement with
our results for electron-doped cuprates with random and
specular tunneling, respectively, but differ qualitatively
from our microscopic results for hole-doped cuprates.
II. PROCEDURE
To calculate I across an in-plane GB, we assume the
Fourier transform of the quasiparticle Green function ma-
trix in the bulk of the ith superconductor is30
Gˆ(ki, ω) = − iω +∆(k
i)τ1 + ξ(k
i)τ3
ω2 + |∆(ki)|2 + ξ2(ki) , (3)
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FIG. 2: (Color online) Plots of the four 2D Fermi surfaces
studied: The nearly isotropic FS3 (thick solid black),30 the
holed-doped FS2 (dotted blue),30 the best fit to the ARPES
FS of Bi2212 (dashed red,29 and the extreme hole-doped FS
studied by Shirai (thin solid green).28
ξ0(k
i) = −J||[cos(kixa) + cos(kiya)
−ν cos(kixa) cos(kiya)− µ], (4)
where ω is a Matsubara frequency, ki is the wave vec-
tor on the ith GB side, ∆(ki) is the respective two-
dimensional (2D) gap function, a is the tetragonal in-
plane lattice constant, µ, J||, and ν are parameters defin-
ing the chemical potential, and in-plane bandwidth and
dispersion, respectively, and the τj are the Pauli ma-
trices. Gˆ is the usual rank 2 matrix with elements
G,F,−G†, and F † that describes both the single quasi-
particle and mean-field pair excitations. We take ξ(ki) =
ξ0(k
i)+J⊥[1−cos(kizs)], where s is the c-axis repeat dis-
tance. Here we are mainly interested in the 2D limit
J⊥ = 0. For one tight-binding 2D FS appropriate for
Bi2212, FS2, we take J|| = 500 meV, µ = 0.6, and
ν = 1.3, and set ξ0(k
i
F ) = 0.
30 A slightly different FS,
denoted ARPES, that most closely resembles the FS of
Bi2212 as observed in ARPES experiments, is obtained
with J|| = 306 meV, µ = 0.675, and ν = 0.90.
29 A nearly
circular FS, FS3, is obtained with µ = 1.0 and ν = 0.30
Finally, we also studied the extreme hole-doped near-
neighbor tight-binding FS used by Shirai et al.28 Taking
the maximum value of the gap to be 20 meV, this FS is
governed by the parameters J|| = 201 meV, ν = 0, and
µ = −1.94. These four FS’s are pictured in Fig. 2.
Next, we construct the half-space Green function ma-
trices on the ith side of a straight (001) tilt GB. We
let nˆ and eˆ be unit vectors normal and parallel to the
GB satisfying eˆ × nˆ = zˆ, as sketched in Fig. 1. Let-
ting ki|| = ki · eˆ and ki⊥ = ki · nˆ, we set ki|| = (ki||, kiz),
kix = k
i
⊥ cos θi − ki|| sin θi, and kiy = ki⊥ sin θi + ki|| cos θi.
The lack of translational invariance requires a discrete
indexing of the lattice planes along nˆ, as in our previous
3technique for c-axis tunneling.30. Thus, for integers n,m,
Gˆm−n(ki||, ω) =
∫ pi/ai⊥
−pi/ai
⊥
dki⊥
2π
eik
i
⊥a
i
⊥(m−n)Gˆ(ki, ω), (5)
where ki|| = (k
i
||, k
i
z) and the a
i
⊥/a = min(cos θi, sin θi)
for 90◦ > θi > 0
◦, ai⊥ = a for θi = 0
◦, 90◦ are the
respective lattice plane separations along nˆ. We choose
the GB interface to be between lattice planes 1 and 0
and set n,m ≥ 1, n,m ≤ 0 for i = R,L, respectively.
Suppressing the ki|| and ω dependencies, we construct
each half-space gˆnm from a combination of the Gˆmn that
obeys the free surface boundary conditions (BC’s) gˆm0 =
gˆ0n = 0 for n,m ≥ 1 and gˆm1 = gˆ1n = 0 for n,m ≤ 0,
obtaining30,31
gˆmn = Gˆ|m−n| − Gˆm+n, form,n ≥ 1, (6)
gˆmn = Gˆ|m−n| − Gˆ2−m−n, form,n ≤ 0. (7)
We then paste together the two half-space layered su-
perconductors. The supercurrent I across the GB be-
tween the two half-spaces is given for a general junction
hopping matrix element JJ(k
L
|| ,k
U
|| ) by
I =
ieT
2
∑
kL
||
,kU
||
,kz,ω
Tr
[
(τ0 + τ3)
×
(
JJ (k
L
|| ,k
U
|| )Gˆ10(k
U
|| ,k
L
|| , kz, ω)
−JJ(kU|| ,kL|| )Gˆ01(kL|| ,kU|| , kz, ω)
)]
, (8)
where Gˆnm(k
L
|| ,k
U
|| , kz, ω) is the full Green’s function ma-
trix for the combined two half spaces coupled via tunnel-
ing across the (001) tilt GB.30 An example of the re-
sulting interface is pictured in Fig. 3. In principle, it is
straightforward to evaluate I to all orders in JJ , as was
done for the case of coherent tunneling across a c-axis
twist junction.30 As in that case, however, the most rele-
vant case, especially for GB misalignment angles θR+ θL
sufficiently large, is for weak tunneling across the GB.2
We set ∆(ki) = exp(iφi)Re∆(k
i) and define gpqnm to be
the (pq)th matrix element of the rank 2 matrix gˆnm with
φi = 0. To leading order in the general tunneling matrix
element JJ(k
L
|| ,k
R
|| ), we obtain
I =
4eT
A2
∑
kR
||
,kL
||
,ω
|JJ (kL|| ,kR|| )|2g1211(kR|| , ω)
×g2100(kL|| , ω) sin(δφ), (9)
where A is the junction area, e is the electron charge,
δφ = φL − φR, −π/s ≤ kiz ≤ π/s, −π/ai|| ≤ ki|| ≤ π/ai||,
and the ai|| = a
2/ai⊥ are the lattice constants along eˆ. We
note that g1211 and g
21
00 are the F and F
† pair functions for
real OP’s on opposite sides of the junction, respectively.
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FIG. 3: (Color online) Sketch of a small part of a (110)|(100)
junction. The bottom rows of the left (110) lattice (open
red circles) and right (100) (filled blue circles) lattice are
aligned. An incident quasiparticle can hop along the path
i, and be specularly reflected along the path r, but tunnels
non-specularly into the (100) lattice via the two primary ini-
tial paths t1 and t2, as indicated.
We note that although Eq. (9) is proportional to sin δφ
since it is obtained in the limit of weak GB tunneling,
our exact expression for the supercurrent, Eq. (8), also
contains the full temperature dependence of all of the
harmonics proportional to sin(nδφ) for n ≥ 1.
Experimentally for large symmetric tilt angles θ >
θc ≈ 5 − 7◦, Ic(θ) ≪ Ic(0),2,32,33 justifying our weak
tunneling assumption, Eq. (9), although the approx-
imation is less accurate for θ < θc. Others working
on (001) tilt grain boundary junctions of HTSC have
also made this assumption,25,34 although they used a
circular FS and did not necessarily take account of the
surface boundary conditions.34 Since the effects induced
by the GB to the real-space dx2−y2-wave pairing inter-
action are formidable, here we only treat the surface
BC effects, and discuss the effects of self-consistency
elsewhere.35 We note that a self-consistent calculation
by Tanaka and Kashiwaya for an OP of mixed symmetry
suggested no qualitative changes upon the imposition of
self-consistency.36 We include the limiting cases of specu-
lar (or coherent) tunneling, where kR|| = k
L
|| , and random
(or incoherent) tunneling, where kR|| and k
L
|| are indepen-
dent, writing37
|JJ(kL|| ,kR|| )|2 = |J spJ |2δkR|| ,kL||A+ |J
r
J |2. (10)
We remark that the specular (coherent) and random
(incoherent) tunneling processes are microscopic pro-
cesses that take place on an atomic scale. For specular
tunneling to occur, the component of the wave vector of
the quasiparticle parallel to the junction does not change
at each atomic site upon tunneling. With random tun-
4neling, the components of the quasiparticle wave vectors
parallel to the junction on the two sides of the junction
are completely independent variables. For example, let
us consider a tight-binding model of near-neighbor hop-
ping in a tetragonal lattice, as in Eq. (4) with ν = 0.
In this model, a quasiparticle far from the junction hops
from one site to an adjacent site. In a defect-free straight
(or symmetric) (100)|(100) junction, the lattices on both
sides of the junction are identical. Thus, a quasiparticle
can propagate from any site on one side of the junction
to the nearest neighbor site on the other side without
changing its direction. A quasiparticle can also backscat-
ter coherently at the interface, preserving the compo-
nent of the wave vector parallel to the junction, as in
other treatments.23,25 For instance, when the interface
is a (110) surface, the surface is theoretically atomically
flat, allowing a substantial amount of coherent reflection,
as sketched in Fig. 3. Although with the usual vapor
phase epitaxy, such (100)|(110) junctions are far from
perfect,2 when they were constructed using the far supe-
rior liquid phase epitaxy, an excellent fit to the Fraun-
hofer pattern was obtained by application of a magnetic
field parallel to the junction, without any evidence of a
zero-bias conductance peak at the interface,38 at least in
some cases. Such behavior is consistent with the incoher-
ent tunneling model of Ambegaokar and Baratoff (AB)
for an s-wave superconductor. In earlier vapor deposition
of the somewhat different (110)|(001) GB’s, sometimes a
rough approximation to the Fraunhofer pattern was ob-
served, with a peak at low fields, and sometimes a very
different pattern with a dip at zero field, possibly con-
sistent with a d-wave OP,34 was observed.40 In both of
these experiments, high resolution transmission electron
microscopy (HRTEM) demonstrated the quality of the
junctions.38,40
However, at interfaces such as those containing a (130)
surface, Fig. 4, the amount of coherent reflection off
the surface is likely to depend strongly upon the inci-
dent quasiparticle wave vector direction, as the surface
is a periodic, but uneven zigzag. To date, such junctions
have never been prepared with the atomic precision of
the above two cases.2,4
On the other hand, for an asymmetric (100)|(110) junc-
tion, Fig. 3, the ratio of the parallel lattice spacings on
the two sides of the junction is
√
2, an irrational number.
Although specular reflection at the interface by a quasi-
particle is entirely possible, in this case, even if the junc-
tion were atomically perfect, the proportion of atomic
sites at which coherent tunneling across the junction can
occur is vanishingly small. That is, in tunneling to the
nearest site across the junction, nearly all quasiparticles
will change the component of their direction parallel to
the junction. One example of this is sketched in Fig. 3.
When one includes the dominant junction tunneling from
all sites along the junction, the tunneling component of
the quasiparticle wave vector parallel to the junction is
effectively random.
In general, one expects that atomically perfect straight
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FIG. 4: (Color online) Sketch of the atomic sites (filled red
circles) of a tetragonal plane near a (130) surface (the x axis),
where a′ =
√
10a. The solid black and dashed blue arrows in-
dicate selected incident and reflected quasiparticle paths in-
volving only near-neighbor and next-nearest neighbor hop-
ping, respectively.
junctions can exhibit specular, or coherent tunneling.
Defects would lead to a component of the tunneling that
is random, or incoherent. Asymmetric junctions and
symmetric junctions that cannot also be described as
straight junctions (such as the (100)|(100) junction) in-
trinsically lead to predominantly random, or incoherent
tunneling. Thus, atomically perfect (pq0)|(100) asym-
metric or (pq0)|(pq0) symmetric junctions for p + q 6= 1
(with θL = θR) are expected to exhibit primarily random,
or incoherent microscopic tunneling processes. Facets,
atomic disorder, stoichiometry variations, etc., at the
junction contribute further to the randomness of the tun-
neling processes.32,33,41,42,43,44,45,46
This microscopic (atomic scale) coherence or incoher-
ence of the tunneling process is completely unrelated to
the macroscopic coherence of the superconducting wave
function, which can occur over the entire area of the junc-
tion, provided that it is prepared sufficiently uniformly.
For example, the AB microscopic model of Josephson
tunneling,39 which averages independently over the par-
allel components of the quasiparticle wave vector on each
side of the junction, assumes uniformly random, or inco-
herent, microscopic quasiparticle tunneling only. How-
ever, that model leads to macroscopic coherence of the
superconducting wave function on each side of the junc-
tion. Note that although most experiments are consis-
tent with Bi2212 having strongly incoherent intrinsic c-
axis tunneling between the double layers, the product of
the critical current and the normal state resistance IcRn
is about 20% of that expected for a pure s-wave super-
conductor with perfect interfaces, the AB value.4,39 This
occurs both for intrinsic and for c-axis twist junctions
several µm in cross-section.4,16,19,21
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FIG. 5: (Color online) Plots of log
10
|Ic(θ)/I0| for asymmetric
junctions with θR = 0, θL = θ, for s- (thin blue), extended-s-
(intermediate thickness red), and dx2−y2 -wave (thick black)
superconductors, for specular (solid) and random (dashed)
GB tunneling and the tight-binding hole-doped FS2. The
d-wave curves satisfy Ic0(90
◦ − θ) = −Ic0(θ), but the s- and
extended-s-wave curves satisfy Ic0(90
◦−θ) = Ic0(θ). See text.
III. RESULTS
In Fig. 5, we present our results obtained
from Eq. (9) for the low-T Ic across asymmet-
ric junctions, θR = 0, θL = θ, including the
tight-binding FS2 and the surface BC effects. In
all of our calculations, we assume the dx2−y2- and
extended-s-wave OP’s have the bulk real-space pairing
forms ∆0(T )[cos(k
i
xa)− cos(kiya)] and ∆0(T )| cos(kixa)−
cos(kiya)|, respectively. The ordinary-s-wave OP is
∆0(T ), independent of k
i.30 We take ∆0(0) = 10 meV,
which implies a maximum d-wave OP of 20 meV. In
Fig. 4, we plotted log10 |Ic(θ)/I0|, where Ic = |Ic0|
and I0 = 4e|JspJ |2/[a3s(0.1J||)2], 4e|JrJ |2/[a4s2(0.1J||)2],
respectively.37 The solid (dashed) curves are the results
for specular (random) tunneling, respectively. The spec-
ular d-wave GB junction behaves as a π-junction only for
14.9◦ ≤ θ ≤ 45◦ and 75.1◦ ≤ θ ≤ 90◦, qualitatively dif-
ferent from the GL results pictured in Fig. 1.22 Note that
the d-wave Ic for random GB tunneling is small but non-
vanishing due to the surface BC’s. For this and all other
cases of random tunneling across GB’s between dx2−y2 -
wave superconductors, neglect of the surface BC’s would
lead necessarily to Ic = 0. In the 2D limit with random
GB tunneling, however, the asymmetric GB results are
qualitatively in agreement with the GL results, except
for the overall magnitude of Ic, which is greatly reduced
from that obtained for specular GB tunneling.
We also investigated the role of J⊥ for the d-wave case.
For randomGB tunneling, as J⊥ increases to 40 meV, the
broad peak in Ic0(θ) becomes much flatter, and for much
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FIG. 6: (Color online) Plots of log
10
|Ic(θ)/I0| for symmetric
junctions with θR = θL = θ, for s- (thin blue), extended-s-
(intermediate thickness red), and dx2−y2 -wave (thick black)
OP’s for specular (solid) and random (dashed) GB tunneling
with the tight-binding, hole-doped FS2. Results for straight
junctions with θR = −θL = θ and a dx2−y2 -wave OP for
specular (dotted green) and random (also dashed black) GB
tunneling are also shown. All curves satisfy Ic0(90
◦ − θ) =
Ic0(θ).
larger J⊥, Ic0(θ) non-monotonically approaches the GL
result ∝ cos(2θ). For specular tunneling, J⊥ = 10 meV
yields d-wave results nearly identical to those pictured for
J⊥ = 0. Increasing J⊥ beyond J⊥0 ≈40 meV eliminates
the regions within 0 ≤ θ ≤ 45◦ of π-junctions, so that
the overall region of π-junctions is for 45◦ ≤ θ ≤ 90◦,
as for the GL case. Hence, for J⊥ ≤ J⊥0, the specular,
tight-binding asymmetric GB d-wave results with FS2
are qualitatively different than the GL ones.
In Fig. 6, we present the analogous results for sym-
metric junctions with FS2. We also plotted our re-
sults for straight GB junctions with a dx2−y2-wave OP.
For random GB tunneling, the straight GB junction re-
sults are identical to the dashed black curve for random
GB tunneling with symmetric junctions. For specular
GB tunneling, the straight junction results are shown
as the dotted green curve. Note that for specular tun-
neling, straight and symmetric junctions have opposite
Ic values at θ = 45
◦. For symmetric GB junctions,
the specular d-wave junction behaves as a π-junction for
39.4◦ ≤ θ ≤ 50.6◦, but behaves as a 0-junction other-
wise. For random tunneling, the symmetric d-wave GB
junction behaves similarly to the ideal GL model, Eq.
(1), as both have Ic(45
◦) = 0 but never behave as π-
junctions. However, the d-wave GL facet model, Eq. (2),
has Ifd (45
◦) = −Ifd (0◦), which is qualitatively different.7
We note from Figs. 5, 6 that for small angle (0 ≤ θ ≤ 5◦)
specular GB junctions, the extended-s and dx2−y2-wave
OP’s lead to indistinguishable Ic(θ). However, for ran-
dom GB tunneling, the d-wave Ic(θ) is much smaller than
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FIG. 7: (Color online) Plots of log
10
|Ic(θ)/I0| for symmetric
junctions with specular (thick solid red) and random (thick
dashed black) tunneling, and asymmetric junctions with spec-
ular (thin solid blue) and random (thin dashed purple) tunnel-
ing, for a dx2−y2 -wave OP with the ARPES FS.
29 The straight
and symmetric GB junctions satisfy Ic(90
◦ − θ) = Ic(θ), but
the asymmetric GB junctions satisfy Ic(90
◦ − θ) = −Ic(θ).
the extended-s-wave Ic(θ), and would vanish in the ab-
sence of the surface BC’s. Except for the broad peak and
the greatly reduced magnitude of Ic, the symmetric GB
junction across dx2−y2-wave superconductors with FS2
and random GB tunneling is qualitatively in agreement
with the GL result of Fig. 1.22 For specular GB tunnel-
ing, however, our microscopic dx2−y2 results differ quali-
tatively from the GL forms.22
We remark that the ordinary-s- and extended-s-wave
OP’s lead to Ic(0) values that are comparable to each
other for both GB tunneling mechanisms. However, for
the dx2−y2-wave OP, random GB tunneling with FS2
leads to a suppression of Ic(0) by a factor of 461 from
that of the ordinary-s-wave OP. This suggests that Ic(0)
for the dx2−y2 -wave OP with weak, randomGB tunneling
is unlikely to be consistent with the large values observed
experimentally across low-angle (001) tilt junctions.2 The
broad peak in Ic0(θ) for the d-wave OP with random GB
tunneling for both asymmetric and symmetric junctions
is also inconsistent with most experimental data. On the
other hand, the d-wave OP with specular GB tunneling
across asymmetric junctions does show a rapid decrease
in Ic0(θ)/Ic0(0) with increasing θ, in agreement with low-
angle experiments,2 but vanishes at 14.9◦ and 39.4◦ for
FS2, respectively, unlike the experiments.2
In Figs. 7-9, we compare our log10 |Ic(θ)/I0| results
for dx2−y2-wave superconductors across symmetric and
asymmetric GB junctions with three different FS’s. For
each FS, Ic results for straight and symmetric GB junc-
tions with random GB tunneling are identical, and for
specular GB tunneling, the Ic(45
◦)’s are opposite in sign
and equal in magnitude. In Figs. 7-9, the results for sym-
metric GB junctions with specular (random) GB tunnel-
ing are shown as the thick solid red (dashed black) curves,
respectively, and results for asymmetric GB junctions
with specular (random) GB tunneling are shown as the
thin solid blue (dashed purple) curves, respectively. Re-
sults for straight and symmetric GB junctions with ran-
dom tunneling are identical, and the results for straight
GB junctions with specular GB tunneling are shown as
the dotted green curves.
In Fig. 7 we plotted log10 |Ic(θ)/I0| versus θ for sym-
metric and asymmetric GB junctions for a dx2−y2-wave
superconductor with the ARPES FS. Note that for sym-
metric junctions, a π-junction occurs with specular GB
tunneling for 40.3◦ ≤ θ ≤ 49.7◦, very similar to the re-
gion obtained for FS2 pictured in Fig. 5. In addition,
for random GB tunneling across symmetric junctions, no
π-junctions are obtained. However, for asymmetric junc-
tions, the results differ substantially from those obtained
for a dx2−y2 -wave superconductor with FS2, pictured in
Fig. 4. In that (FS2) case, the asymmetric GB junc-
tion was a π-junction for specular GB tunneling with
14.9◦ < θ < 45◦ and 75.1◦ < θ ≤ 90◦, but was a 0-
junction otherwise. For random GB tunneling, it was
always a 0-junction for 0 ≤ θ ≤ 45◦ and a π-junction for
45◦ ≤ θ ≤ 90◦. For this slightly different (see Fig. 2)
ARPES FS, however, nearly the opposite behavior was
found. Asymmetric GB junctions with the ARPES FS
with specular GB tunneling are 0-junctions for 0 ≤ θ <
45◦ and π-junctions for 45◦ < θ ≤ 90◦, but for random
tunneling, a π-junction appears for 30.6◦ < θ < 45◦ (and
also for 59.4◦ < θ ≤ 90◦), and a 0-junction otherwise.
Hence, these slightly different hole-doped FS’s lead to
qualitatively different Ic behavior for dx2−y2-wave super-
conductors. For s- and extended-s-wave superconduc-
tors, on the other hand, such strong FS dependence of
Ic(θ) does not occur. Although for clarity in present-
ing the d-wave results, we have not shown our s- and
extended-s-wave data for the ARPES FS, our calcula-
tions confirm the close similarity of those results to the
analogous ones pictured in Figs. 5 and 6, confirming the
reliability of our results.
With the ARPES FS, asymmetric GB junctions with
specular tunneling and for symmetric GB junctions with
random tunneling are qualitatively consistent with the
ideal GL model,22 and symmetric GB junctions with
specular tunneling are qualitatively consistent with the
GL facet model,7 except that the position of Ic(θ) = 0
has shifted from 22.5◦ to 40.3◦. However, asymmetric
GB junctions with random tunneling and the ARPES
FS are completely unlike either GL model.
Next, we calculated Ic0(θ) at low T across GB’s with
the nearly circular FS3, appropriate for the electron-
doped cuprates such as NCCO, and presented our re-
sults in Fig. 8. For asymmetric GB’s, our d-wave re-
sults agree with the GL model, Ic0(θ)/Ic0(0) ≈ cos(2θ),
for both specular and random GB tunneling, but for the
latter, Ic0(0) is greatly reduced in magnitude for a d-
wave OP. Our results for symmetric or straight GB’s
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FIG. 8: (Color online) Plots of log
10
|Ic(θ)/I0| for symmetric
junctions with specular (thick solid red) and random (thick
dashed black) tunneling, and asymmetric junctions with spec-
ular (thin solid blue) and random (thin dashed purple) tunnel-
ing, for a dx2−y2 -wave OP with the nearly isotropic, “electron-
doped” FS3. Also shown is the specular d-wave curve (dot-
ted green) for straight junctions. The straight and symmetric
junctions satisfy Ic(90
◦−θ) = Ic(θ), but the asymmetric junc-
tions satisfy Ic(90
◦ − θ) = −Ic(θ).
with random GB tunneling coincide with each other,
and Ic0(θ)/Ic0(0) ≈ cos2(2θ), as in the GL model for
ideal symmetric GB junctions (Fig. 1). For specular
GB tunneling across symmetric GB junctions, the re-
sults are qualitatively similar to the GL facet model,
Eq. (2) except that the θ value for the crossover from
0- to π-junction behavior has shifted from 22.5◦ to 29.8◦.
With that modification, all of our d-wave results for the
electron-doped FS3 are qualitatively in agreement with
the GL facet model for specular GB tunneling,7 and with
the GL ideal model for random GB tunneling between
dx2−y2-wave superconductors.
22 This conclusion is some-
what unexpected, as one na¨ıvely might have expected
the specular and random results with FS3 to agree with
the ideal and facet GL models, respectively. Our low-T
symmetric junction results are also qualitatively in agree-
ment with those obtained at low T for weak tunneling
with a perfectly circular FS and a FS-restricted d-wave
OP with different GB roughness,25 and our straight GB
junction results with random GB tunneling are quali-
tatively consistent with previous straight, dirty-N , SNS
junction results.24
In order to compare the results obtained using our
technique of imposing the surface BC’s upon the Green
function matrix to that obtained using different tech-
niques by others, we performed explicit calculations for
these purposes. According to the formulas in their pa-
per, Shirai et al. used the FS pictured by the small green
pockets near the corners of the first BZ pictured in Fig.
2.28 Those authors constructed half-spaces exhibiting
(100), (130), (120), and (110) surfaces, and pasted them
together with specular tunneling in either the straight or
symmetric configurations (which they denoted as paral-
lel and mirror, respectively). Their discrete quantization
axis was always along the x direction parallel to the CuO
bonds, and hence only normal to the surface for the (100)
case. The number of rows in the y direction varied from
1 for the (100) and (110) surfaces to 3 for the (130) sur-
face. Unlike our quantization axis that was defined to
be parallel and normal to the surface as pictured in Figs.
3 and 4, upon Fourier transformation in the y direction,
their non-normal quantization lattice basis set could lead
to unintended hopping across the GB with the strong,
intrinsic tight-binding near-neighbor hopping matrix el-
ement.
In addition, Shirai et al. included tunneling from a
few rows other than the surface row of idealized atomic
sites, by assuming that the specular GB tunneling ma-
trix elements decreased inversely instead of exponen-
tially with the tunneling distance, taking the maxi-
mum hopping strength to be 0.05t, or 6.2% of the ef-
fective near-neighbor hopping strength, 0.803t.28 Never-
theless, they calculated the single quasiparticle densities
of states and Ic across the straight and symmetric GB
junctions with the above form of specular tunneling, for
θ = 0◦, 18.4◦, 26.5◦, and 45◦, respectively. Some of their
low-T limits of Ic can be compared with ours using their
unusual FS.28 Although they did not mention it explic-
itly, Shirai et al. found the straight θ = 0◦ and 26.5◦,
junctions to be 0-junctions. However, they found strong
zero-bias conductance peaks at all junction sites for the
straight 45◦ junction, and at two of the three distinct
junction sites for their 18.4◦ junction, suggesting that
both of these junctions behave as π-junctions. For the
symmetric junctions, they found the low-T limits of the
symmetric 18.4◦ and 45◦ junctions to be π-junctions, but
the low-T limits of the 0◦ and 26.5◦ symmetric GB junc-
tions to be 0-junctions.28 Of these, Ic(T ) for the 18.4
◦
symmetric junction changed sign at a finite T value.
Our low-T results for log10 |Ic(θ)/I0| versus θ for sym-
metric, asymmetric, and straight junctions with the Shi-
rai FS are pictured in Fig. 9. In all cases, even for
θ = 0, the extremely small overlap of the Fermi surfaces
for specular GB tunneling leads to an extremely small
Ic. Our results for specular GB tunneling with sym-
metric junctions are shown as the thick solid red curves
with three alternating regions of π- and 0-junctions for
0 ≤ θ ≤ 45◦. In the domain 0◦ ≤ θ ≤ 45◦, π-junctions
are found in the three regions 1.57◦ < θ < 7.19◦,
9.85◦ < θ < 20.89◦, and 31.52◦ < θ < 45◦. The be-
havior of the domain 45◦ ≤ θ ≤ 90◦ is obtained from
Ic(90
◦ − θ) = Ic(θ). Random tunneling across either
straight or symmetric GB junctions leads to just a 0-
junction for 0 ≤ θ ≤ 90◦, although there are strong
dips in Ic at θ ≈ 13.6◦ and 76.4◦) (not pictured) and
Ic(45
◦) = 0, as indicated by the thick dashed black
curve. For asymmetric GB junctions with specular GB
tunneling, the thin solid blue curve shows a π-junction
for 17.04◦ < θ < 45◦ (and from 72.96◦ < θ ≤ 90◦),
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FIG. 9: (Color online) Plots of log
10
|Ic(θ)/I0| for symmetric
junctions with specular (thick solid red) and random (thick
dashed black) tunneling, and asymmetric junctions with spec-
ular (thin solid blue) and random (thin dashed purple) tun-
neling, for a dx2−y2 -wave OP with the extreme hole-doped
FS of Shirai et al.28 Also shown is the specular d-wave curve
(dotted green) for straight junctions. The straight and sym-
metric junctions satisfy Ic(90
◦−θ) = Ic(θ), but the asymmet-
ric junctions satisfy Ic(90
◦ − θ) = −Ic(θ). The thick dashed
black curve represents 0-junctions only.
and the thin dashed purple curve for random GB tun-
neling indicates a π-junction for 13.34◦ < θ < 45◦ (and
from 76.66 < θ ≤ 90◦). In addition, the dotted green
curve represents straight junctions with specular tunnel-
ing, which are always 0-junctions, as in the ideal and
faceted GL models pictured in Fig. 1, and in all other
FS’s we studied (e. g., Figs. 6 and 8).
Some of our results and those of Shirai can be directly
compared. Both procedures lead to T = 0 π-junctions
for symmetric GB junctions with specular GB tunnel-
ing with θ = 18.4◦, 45◦, but 0-junctions at θ = 0◦, 26.5◦.
As for straight junctions, our results for all four FS’s we
studied always lead to 0-junctions, as for both the ideal
and faceted GL models. For straight junctions at the
two angles 0◦ and 26.5◦, Shirai et al. also obtained 0-
junctions for all T ≤ Tc. However, as mentioned above,
Shirai et al. appear to have obtained π-junctions for
the straight junctions with θ = 18.4◦ and 45◦. In par-
ticular, we find their apparent π-junctions for the two
straight junctions, θ = 18.4◦, 45◦ to be difficult to un-
derstand. Suppose Shirai et al. were to increase their
dominant junction coupling strength from 0.05t to their
bulk hopping strength, 0.803t. Then, the junction would
be invisible to the quasiparticles, and one would certainly
not expect any surface effects, such as in the straight 0◦
junction they studied.28 Although Shirai et al. attributed
their peculiar results to the oddness of the number of site
rows in their minicell, we suspect that their results may
be artifacts of their peculiar minicell basis, which was not
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FIG. 10: (Color online) Plots of Ic0(θ)/Ic0(0) for the dx2−y2 -
wave OP with specular tunneling, with (solid) and without
(dashed) the surface boundary conditions, for symmetric GB
junctions with the nearly circular FS3 (thick black) and the
tight-binding FS2 (thin red) and , and for asymmetric GB
junctions with FS2 (intermediate thickness blue). The sym-
metric curves satisfy Ic(90
◦ − θ) = Ic(θ), and the antisym-
metric curves satisfy Ic(90
◦ − θ) = −Ic(θ).
defined to be parallel and perpendicular to the GB, as in
Fig. 4.28
Finally, in Fig. 10 we compare our specular
Ic0(θ)/Ic0(0) d-wave results with the surface BC’s with
those obtained from the bulk Green functions. We com-
pare those results obtained with the tight-binding FS2 for
asymmetric (Fig. 5) and symmetric (Fig. 6) junctions,
and also our results for symmetric junctions obtained
with the nearly circular FS3 (Fig. 8). For both sym-
metric GB cases, there are no regions in 0◦ ≤ θ ≤ 45◦ of
π-junctions for the bulk calculations. Including the sur-
face effects, these symmetric GB cases have π-junctions
for 39.4◦ < θ < 50.6◦ and 29.2◦ < θ < 55.8◦ for
FS2 and FS3, respectively. For asymmetric junctions
with FS2, the bulk calculation leads to weak π-junctions
for 23.7◦ < θ < 28.3◦ with a negative slope at 45◦,
yielding additional π-junctions for 45◦ < θ < 61.7◦
and 66.3◦ < θ ≤ 90◦. The surface BC’s greatly en-
hance the magnitude and range of such π-junctions to
14.9◦ < θ < 45◦ and 75.1◦ < θ ≤ 90◦, and change the
sign of the slope at 45◦. Although not pictured in Fig.
10, the surface BC’s play an essential role in the case of
random tunneling across GB’s between d-wave supercon-
ductors. In the absence of the surface BC’s, Ic = 0 in
such cases. Thus, we conclude that the surface BC effects
cannot be ignored, especially with regard to dx2−y2-wave
superconductors.
9IV. DISCUSSION
Tricrystal experiments were performed for a variety of
cuprate superconductors.1,7,8,9 Tricrystal (a) consists of
one asymmetric 0◦/60◦ junction and two 0◦/30◦ junc-
tions. Tricrystal (b) consists of two 0◦/71.6◦ junctions
and one symmetric 18.4◦/18.4◦ junction. Tricrystal (c)
consists of two asymmetric 0◦/73◦ junctions and an
asymmetric 2◦/32◦ junction.1,10 It was claimed that an
odd number of π-junctions was observed only for tricrys-
tal (a).1,10 In the case of Bi2212, only results for tricrystal
(a) were shown.8,9
First of all, our results for the electron-doped FS3 with
either specular or random GB tunneling are in complete
agreement with a predominant dx2−y2-wave OP as deter-
mined from the tricrystal experiments on NCCO.10 That
is, one would only expect an odd number of π-junctions
only for tricrystal (a), for both random and specular GB
tunneling.
However, for hole-doped cuprates, the agreement with
the tricrystal experiments is less robust. Assuming only
a dx2−y2 -wave OP,
7 our FS2 results pictured in Figs. 3,
4 show that tricrystal (a) would have two π-junctions
if the tunneling were specular, and one π-junction if it
were random. Tricrystal (b) should have no π-junctions,
as claimed. Tricrystal (c), if the 2◦/32◦ junction can be
approximated by an asymmetric 0◦/34◦ junction, would
have one π-junction for specular tunneling, and two π-
junctions for random tunneling. Hence, our FS2 results
are only consistent with the observation claims if the tun-
neling is non-specular.
On the other hand, the ARPES FS, while only slightly
different from FS2, leads to very different conclusions
with regard to the agreement with the tricrystal exper-
iments. For specular GB tunneling, the ARPES FS is
in complete agreement with the observations of the three
tricrystal experiments. However, for random GB tunnel-
ing, tricrystal (a) is expected to have a very small overall
Ic, as Ic ≈ 0 for all three asymmetric GB junctions in that
tricrystal. Although tricrystal (b) would be expected to
exhibit an even number of π-junctions, as claimed to be
observed, tricrystal (c) would be expected to exhibit one
π-junction for random GB tunneling with the ARPES
FS. Hence, the ARPES FS can only be fully consistent
with the tricrystal experiments on hole-doped cuprates
for non-random GB tunneling.
One interpretation is that if the quasiparticle tunnel-
ing across the relevant grain boundaries is random and
the OP were pure d-wave, then the FS would be expected
to be more like FS2. In the unlikely event that the grain
boundary tunneling were coherent, then a pure d-wave
OP would have a FS more like the ARPES FS. Such a
scenario might be used to argue that the FS of Bi2212,
usually thought to have the ARPES FS form, is actually
closer to FS2. However, we caution that FS2 and the
ARPES FS are one-band approximations to the FS of
Bi2212, which contains two CuO2 layers thought by many
to be responsible for the superconductivity, and that no
tricrystal (c) experiments were performed on Bi2212. In
addition, this scenario ignores the c-axis twist experi-
ments, which indicate that essentially all of the c-axis
tunneling is in the s-wave channel.4 If those three exper-
iments are correct, then Bi2212 contains an OP with an
s-wave component that is at least 20% of the total. Al-
though not appreciated by Tsuei et al.,9 in the presence
of nanoscale disorder that has recently been observed in
STM experiments,43 a mixed d+s OP is indeed allowed.4
Thus, it is possible that Bi2212 could have a dominant
d-wave OP and still have all of the intrinsic c-axis tunnel-
ing be in the s-wave OP channel. If this scenario proves
to be true, then further calculations with a mixed s- and
d-wave OP would be warranted.20
With regard to the most-studied material, YBCO, in
addition to the two CuO2 layers, there is also a con-
ducting CuO chain layer, which is responsible for the
orthorhombicity and the strong twinning that occurs in
thin films. The strong twinning makes (100) and (010)
films indistinguishable, which can complicate the anal-
ysis. Second, unless strongly underdoped, YBCO ap-
pears to be more three-dimensional than are most other
cuprates, so that J⊥ 6= 0 might be large enough to cause
an important modification to our results. Third, it is
clear from many other experiments that YBCO also has a
substantial s-wave component,13,14 which has often been
ignored by many workers.1,9 In each twin domain, a pur-
ported dominant d-wave OP would have either a d+ s or
a d − s OP mix, and if the twin areas were equal, then
one might expect the s-wave OP component to make
a negligible contribution to the measured critical cur-
rents. However, in c-axis YBCO/Pb Josephson junctions
made with highly twinned YBCO thin films, quantita-
tive agreement to the Fraunhofer pattern was obtained,
although IcRn was considerably less than the AB value.
15
Thus, the different results of FS2 and the ARPES
FS indicate that the tricrystal experiments are less ro-
bust determinations of the symmetry of the order pa-
rameter in hole-doped cuprates than has been gener-
ally thought. Small variations in the FS topology and
the non-specularity of the GB tunneling processes play
a crucial role that cannot be anticipated a priori. To
the extent that defects play a role in the tunneling pro-
cesses, it might be possible to understand the experi-
mental observations with a substantial s-wave OP com-
ponent. Especially since the (001) tilt GB junctions are
known to be increasingly underdoped with increasing GB
misalignment,2,32,33,42 it is possible that π-junctions aris-
ing from the local magnetism of the Cu+ spins formed
from oxygen loss at the GB junctions could be important.
All of our calculations using the Shirai FS are in com-
plete disagreement with both the tricrystal and tetracrys-
tal experiments, regardless of the degree of randomness in
the GB tunneling matrix elements. In addition, the Shi-
rai et al. results for specular symmetric 18.4◦/18.4◦ GB’s
are in direct conflict with all experiments using tricrystal
(b).1,28 Taking all of our results for the various FS’s into
account, it appears that there is a topological crossover
10
relevant for the agreement of the critical currents with
the GL results,22 with full agreement for the electron-
doped FS’s centered about the Γ point in the first BZ,
and complete disagreement with the extreme Shirai FS.
The cross-over appears to occur for FS’s intermediate
to the ARPES FS and FS2. Hence, for the hole-doped
cuprates, not only are the details of the tunneling impor-
tant, but the topological structure of the hole-doped FS
is also very relevant, and minute details can change the
interpretation.
Tetracrystals consisting of highly twinned thin films of
the hole-doped YBCO and electron-doped LCCO con-
taining a symmetric 0◦/0◦ junction and a 45◦/ ± 45◦
junction, plus two symmetric 22.5◦/22.5◦ junctions were
made.11,12 For comparison, they also made bicrystals
with two symmetric 22.5◦/22.5◦ junctions. We also cal-
culated the straight GB junction case θR = −θL = θ
for a dx2−y2-wave OP, and our results for FS2 and FS3
are shown by the green dotted lines in Figs. 6 and 8,
and at 45◦, are opposite in sign to the respective sym-
metric junction cases with specular GB tunneling. If the
tunneling were non-specular, as required for the d-wave
interpretation with FS2 of the tricrystal experiments,
then the 45◦/ ± 45◦ junction would have the smallest
(or vanishing, for random tunneling) Ic value for a d-
wave OP. If instead the tunneling were specular, as re-
quired for the ARPES FS d-wave interpretation of the
tricrystal experiments on hole-doped cuprates, then that
junction would allow a small but significant Ic value, but
would behave either as a π- or 0-junction, respectively,
for a d-wave OP, depending upon the particular distri-
bution of twin domains present at the junction. Thus,
this tetracrystal would have an indeterminate number
of π-junctions for specular tunneling and a d-wave OP,
but no supercurrent for random tunneling. Similar argu-
ments apply to the LCCO case. For a highly twinned
thin film junction, both specular and random tunnel-
ing across the 45◦/ ± 45◦ GB junction would lead to
Ic ≈ 0 for a dx2−y2-wave OP, contrary to the claims in
the experiment.11 The other two junctions, symmetric
22.5◦/22.5◦ junctions, would not be π-junctions, unless
the tunneling were specular and the FS were different
from any that we studied. Hence, the interpretation put
forward by those authors, which assumed the 45◦/± 45◦
junctions were straight, should be reexamined,11,12 as the
π-junction could arise extrinsically from defects in this
very imperfect 45◦/±45◦ junction.2,32,33,42 We urge that
the experiment be redesigned in the form of a tricrystal,
omitting the 45◦/± 45◦ junction.
Recently, there have been zigzag in-plane YBCO/Nb
experiments.47,48 In these experiments, a YBCO film is
angularly cut from above with a ramping angle ϕ ≈
15 − 20◦ into a regular zigzag pattern of nominally ex-
posed (100) and (010) edges, each edge of equal length
ℓ ≈ 10 − 40µm. After deposition of a thick layer of Au,
a thicker layer of Nb was applied. This experiment is a
variation of the earlier θ = 90◦ YBCO/Pb superconduct-
ing quantum interference device (SQUID) experiment of
Mathai et al.,49 which contained YBCO/Pb junctions
with a thin Ag interstitial layer along the ramped nom-
inally (100) and (010) edges of YBCO, respectively. In
those experiments, one of the junctions functioned as a
0-junction, and the other functioned as a π-junction.49
The beauty of the recent experiment is that the zigzag
array of alternating 0-/π-junctions was observed by a
SQUID microscope to exhibit an ordered array of frac-
tional vortices, the magnitude of which was within the
experimental error of Φ0/2, where Φ0 is the flux quan-
tum. Although no microscopic analysis of the edges of
the YBCO was presented, the ion milling technique em-
ployed necessarily leaves a rough surface on a scale of at
least 1-5 nm, so that the tunneling across each of these
edges is most likely incoherent. The thick Au layer could
modify the overall tunneling process, however. The much
longer length scales λJ of the Josephson vortices, which
is only 1-2 orders of magnitude smaller than the edge di-
mensions, allows the vortices to weakly interact, forming
a regular array. These experiments are suggestive of a
dominant d-wave OP.
However, we recall that Gim et al. studied YBCO/Pb
SQUID’s prepared with a much wider selection of SQUID
angles θ.50 In those experiments, which did not include
θ = 90◦, the results were inconsistent with either a pre-
dominant d- or s-wave OP component,50 but were in-
stead consistent with a p-wave polar state. Apparently,
the preparation of a 0-junction or a π-junction depends
upon the ramping angle ϕ of the bombarding ions, so
that many pairs of SQUID’s with angles θ and θ + 180◦
contained one 0-junction and one π-junction.50 Although
the nice zigzag experiments do demonstrate the repro-
ducibility of the 0-junction and π-junction preparation
at fixed ϕ and θ = 90◦ with YBCO/Nb junctions, those
authors did not report the results of θ and ϕ variation
studies.47,48
We are presently engaged in calculating the single
quasiparticle and pair excitations at low T , both of which
are contained in the Green function matrix given by Eqs.
(6) and (7). For brevity we have here only presented the
Josephson critical current across the grain boundaries,
the quasiparticle densities of states at the sites on the
rows adjacent to or near to the junction can be evalu-
ated from the imaginary part of the single particle g11nn
for n = 0, 1, . . . Although the most commonly used pro-
cedure for obtaining the zero-bias conductance peak on
a surface is to use the Bogoliubov-deGennes technique,23
our Green function technique with the appropriate sur-
face boundary conditions is equally valid,25,26 but is con-
siderably more compact and powerful. With our Green
function technique, we are able to evaluate the critical
current at arbitrary grain boundary angles, and are not
restricted to specific interfaces such as (pq0)|(p′q′0) for
integral p, q, p′, q′. It is also much easier to generalize
the tunneling forms, although we have limited our treat-
ment to the most commonly studied specular and random
cases. Although it would be rather easy to generalize the
tunneling matrix elements to forms intermediate to these
11
limiting cases for symmetric and straight junctions,29 for
asymmetric junctions, such a generalization is more diffi-
cult. We have compared our results with those obtained
by Shirai et al. using a purely numerical technique, and
some of their numerical results at low T are in qualitative
agreement with our results obtained from Eq. (9). Our
results with the nearly circular FS3 are in fairly good
agreement with those obtained with the GL model and
with microscopic calculations using a circular FS.7,22,25
The main drawback with the Green function technique is
the procedure for making the calculations self-consistent.
However, as noted by Tanaka and Kashiwaya,36 mak-
ing the results self-consistent does not usually result in
qualitative changes. We are presently engaged in self-
consistent calculations for various grain boundaries of the
(pq0)|(p′q′0) types, as was done by Shirai et al.28 but we
are using the near-neighbor and next-nearest neighbor
single quasiparticle matrix elements appropriate for ei-
ther the ARPES or FS2 FS’s on Bi2212, and will present
our results elsewhere.35 We will also present the quasipar-
ticle densities of states for these more realistic FS models
elsewhere.35
Finally, we remark that recent YBCO thin film struc-
tures have been studied using (001)|(103) thin film
boundaries with 45◦ in-plane misalignment angles, and
the results interpreted using the Sigrist-Rice formula.57,58
We have not yet analyzed such grain boundaries, be-
cause the Fermi surface of YBCO is particularly com-
plicated, and our FS2 and ARPES FS’s are likely to
be inadequate to do so reliably. Nevertheless, from
the results we obtained with these two FS’s, it is ev-
ident that the results obtained from such devices, the
grain boundaries of which have not been analyzed with
atomic scale precision as was done with the Bi2212 c-axis
twist experiments,4 might also have a more conventional
explanation.51,52,53,54,55,56
It has been suggested that the experimental Ic(θ) ob-
served in (001) tilt grain boundary junctions can only be
understood in terms of interface defects, regardless of the
OP.42 Of course, in Bi2212, it has long been established
that a significant amount of static defects exist not only
on the top cleaved surface,43 but throughout even the
best single crystals.44,45,46 Such defects combined with
significant oxygen loss at the grain boundaries may be
the most important source of the observed π-junctions
in the tricrystal and tetracrystal experiments, account-
ing for the apparent inconsistency between those and the
c-axis bicrystal and cross-whisker experiments.4,18,19,21
Finally, we recall that π-junctions are now rou-
tinely produced using junctions of the SNS and
SINIS varieties constructed from conventional
superconductors,51,52,53,54,55,56 so that a close reex-
amination of the tri- and tetracrystal experiments
is warranted. This is especially true in the case of
the hole-doped cuprates. We note that not only are
π-junctions readily obtained with Nb, Al and their
oxides,51 but the associated zero-bias conductance
peaks and higher harmonic order Josephson phase
relations in such conventional junctions have also been
observed,51,52,53,54,55,56 as in YBCO.57,58
V. SUMMARY
We calculated the critical current Ic versus (001) in-
plane tilt angle θ for symmetric and asymmetric grain
boundary junctions, assuming the order parameter has
either the s-, extended-s-, or dx2−y2-wave form. We used
two Fermi surfaces appropriate for hole-doped cuprates,
one appropriate for electron-doped cuprates, and an ex-
treme Fermi surface for comparison purposes, and took
account of the surface boundary conditions appropriate
for the interfaces. We studied both tunneling limits of
specular and random tunneling. An important feature
of our results is that the presence of the surface bound-
ary conditions allows for a finite d-wave critical current
across junctions in which the microscopic tunneling is
random. This is especially important because the tun-
neling across nearly all in-plane (001) tilt junctions is
expected to be random on an atomic scale, even within
each reconstructed facet.
Although our results for electron-doped cuprates are in
complete agreement with the interpretation of the obser-
vation of the tricrystal experiments on those compounds,
our results for hole-doped cuprates differ qualitatively
with those obtained from Ginzburg-Landau models,7,22
and indicate that the interpretation of the tricrystal
experiments is complicated, depending upon strong as-
sumptions about the details of the Fermi surface topol-
ogy and the nature of the tunneling processes. In ad-
dition, corresponding problems in the interpretation of
the tetracrystal experiments on hole-doped cuprates per-
sist, leading to expectations of an Ic(θ) inconsistent with
many experiments.2 We urge further in-plane (001) tilt
grain boundary experiments using films deposited by liq-
uid phase epitaxy to be made, and for high resolution
transmission electron microscopy studies of the pertinent
grain boundaries to be presented.2,4,38
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